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4.1 First Order Differential Equations

Your solutions may be checked with this online calculator

4.1.1 Separation of Variables
First Order differential equations involve a single derivative (such as % ). Consider first order differential

equations of the form...

dy dy _ ay _ .
a—f(x) or E—f(}’) or dx_f(x) f)

Each of these may be solved by direct integration after the separation of variables. By doing so we place
the y's on one side and the x's on the other side. Series RL and series RC circui ields first order
differential equations which may be treated in this way. Let’s examine these if we can first of
all produce a differential equation for each of them, and then try to paration of
variables.

[ Worked Example 1 ]

Analyse the RL circuit below and formulate a mathe epresents the circuit behaviour

by a first order differential equation.

We need to make use of Kirch
zero. We note the volt

So we may now write...
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We always try to make the coefficient of the differential 1 so dividing through by L will achieve this...
E iR L di

AT,

di+<R),_E
ac \1)' T L

All we need to do now is to insert those component values...

Tidying this up and re-arranging gives...

di+(10)__ 20
at " \0.01)' T 001

Which allows us now to write the final differential equation to represent this W

di
—+1000i = 2000
dt

Let’s now perform the same analysis on an RC circuit...

[ Worked Example 2 ]

Analyse the RC circuit below and formulate a mat
behaviour by a first order differential equati

ich represents the circuit

—10u

We again make use of ’s Voltage Law, which states that the voltages in a closed loop sum to zero.
We note the voltages across the resistor and capacitor as...

Vr = iR
Ve = lj idt
C
So we may now write...
E=Vya+V,
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1
E=iR+—=|idt
i +Cfl
Multiply throughout by C...
EC = RCi + f idt

Then differentiate each term with respect to t...

O—Rcdi+'
BT

di+(1),_
dt " \rc)' ™

All we need to do now is to insert those component values...

Divide throughout by RC and tidy...

di +< 1
dt 100 x 10 x 1024

Which allows us now to write the final differential equation t@ s circuit...

[ Worked Example 3 ]

Produce an analytic
find an expressi

differential equation developed in Worked Example 1 to
0O whent = 0.

We had...

di
—+1000i = 2000
dt

We start by transposing...

di
— = 2000 — 1000i
dt
Separate the variables (the variables are i and t)...
gt = di
~ 2000 — 1000i

Integrate both sides with respect to t...
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[y p—
") 2000 — 1000i

. _-]‘ di
~ ) 2000 — 1000i

1 .
L= f 2000 — 1000; %

letu = 2000 — 1000i -~ =-1000 - ==

di
t—fld'—fl(di)d —fl(_l)d 1 1d
2T ) a\a T w\3000/ M T 1000 g

Remembering that f%du = log.(u) + K we may write...
t= —[log,(w) + K]
= 0g.(u
1000 " 9e
Notice that K is a constant of integration. Mathematicians use ee
capacitance — avoid confusion)

Now we must find the value for the constant ofd ion. i ust be given some initial
conditions for the circuit. Fortunately, we w [ so we may find K by putting
these values in...

K (since we reserve C for

0g,(2000) K
1000 1000
K —log.(2000)
1000 1000

K = —10g,(2000) = —7.6

Having found K we can to our solution development (we left it at the blue equation above)...

t=7T000

[log, (2000 — 1000{) — 7.6]

Transpose...
log.(2000 — 1000i) = 7.6 — 1000t
Almost there. Now take the exponential of BOTH sides to get rid of that log term...

e109e(2000-10001) — 2000 — 1000i = e7-6—1000t
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Now it looks easy to isolate the current i...
1000i = 2000 — ¢7-6-1000t
Dividing both sides by 1000 will get us to our target...

2000 — e7.6—1000t
L= 1000

4.1.2 Euler’s Method
We may also solve first order differential equations by Euler’s Method, which48/a lerjcal solution,
rather than an analytical one. To see what this method is all about

YA Euler's Method

K

We have a sect alyse (in blue). If we have a first order differential equation for the

function and are give i nt on the function (A) which has a height on the vertical axis of y, then
height of the resulting t
Put quite simply, our best guess at y, is to add the length Ay to y,,.

The slope of the hashed triangle is, of course, the same as the slope of the tangent. Since the slope of the
tangent is the differential of the function at A then we may represent this as (y'),. The slope of the triangle
is given by...

A
slope of triangle = Ty &~ Ay = h X slope of triangle - Ay = h(y'),

So then, we may say that our best guess at y; is given by...
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Y1=Yo+h(®)

This last equation represents Euler’s Method for finding the height of a subsequent point on a function.
Let’s look at an example...

[ Worked Example 4 ]

Let’s re-examine the differential equation which we produced for the RC d Example 2...

Now we need some initial condi
0.001s the current i 36A.

er on in time (h) to analyse. Assume that when t =
ind the current when time is 0. 0012s.

Let’s write Euler; ethod once mor realise which bits of information we need...

il = io + h(l,)o
We need:

= [y, Whichis the iven in the question i.e. 0.0736A
= h, which is the time difference, i.e. 0.0012s -0.001s = 0.0002s
* (i")o, which is found by checking the differential equation and resolving: -1000(0.0736) = -73.6

We may now find i; ...
iy =ip+ h(i")y = 0.0736 + 0.0002(—73.6) = 0.05884

This is confirmed as a good guess by checking the result for the circuit in ‘Graph’...
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Close enough.

4.2

There are two types of 2" order differential e

... and the second case is...

4.2.1

We start with the homagene

02!

018

0161

0144

0124

014

0081

————————————————— 0.061
<]

x= 0.0012

fid= 006023884 004

Second Order Differ ons

first case is...

HOMOGENEOUS

d’y , , dy
NO S1s non — zero): aﬁ+ba+cy=f(x)

rder Differential Equations

d’y . dy
aw+ba+cy—0

To solve such ODE’s we deploy an AUXILIARY EQUATION which helps our solution along. This auxiliary
equation contains m representations of the differentials within the ODE...

1712 = f%jigi
dx?
_dy
m= dx
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This allows us to write the ODE as...
am?+bm+c=0 :AUXILIARY EQUATION

We then factorise this auxiliary equation and find the roots, which we call m; and m,. The procedure is to
then examine these roots to see whether they are...

Real and different:  The solution is y = Ae™* + Be™2*

Real and equal: The solutionis y = (Ax + B)e™*
Complex: The solution is y = e™1*{A cos(in,x) + B sin(m,x)}
If we are given some initial conditions in a problem/question then we plug th It splution to find a

more particular solution.

for an RLC
other worked example to

That all looks quite complicated when seen for the first time. Let’s deve
circuit connected to a DC source, by way of a worked example.
see how we can solve such an ODE using the above procedur

[ Worked Example 5 ]

Consider the RLC combination below, connec

0.125F

Analyse the circui mathematical model for it by developing a second order
homogeneous differenti

Our starting point is Kirchhoff’s Voltage Law (KVL) which says that the sum of voltages in a closed loop is
zero. Let’s give an individual equation to each of these component voltages...

VR=lR

v Ldi

L™t

1.
VC—Efldt
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KVL says that Vi + V; + V, = E so we may now write...

R'+Ldi+1f'dt—E
' acc) T

That’s not yet and ODE. We need to get rid of that integral. We do so by differentiating every term (which
will obliterate the integral)...

The E dropped away because it is DC and is a flat voltage (zero slope).

Now we just re-arrange the terms...

Finally, put in those component values...

Tidying...

[ Worked Example 6 ]

Find a particular , given that whent = 0,i = 0 and di/dt =12.

We have...

d?i

di .
F+6E+8l—0

We firstly form the auxi
m?2+6m+8=0
Factorise this to find the roots...
m+2)(m+4)=0
m; =—2 and m, = —4
These roots are real and different so we use the solution (given earlier)...

y = Ae™* + Be™2¥
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We are not using x on the horizontal, we are using t. We’re not using y either, we’re using i, so change this
equation to...

i = Ae™t + Be™Mat

Put the m’sin...

i =Ae %t 4+ Be™4t

If we were not given any initial conditions then we would need to stop there. Ho we are given some

initial conditions in this question... whent = 0,i = 0 and di/dt =12
Usingt =0,i = 0:

[ = Ae™t + Be™2t = 0 = A(0) + B(

A+B=0

Using di/dt =12 whent =0andi = 0:

[ =Ae 2 + Be

Since t = 0 in this last expression then...

Now, equations [1] and [2] form a s equations...

=0 [1]
—4B =12 [2]

If we multiply [TJby 2 t
2A+2B =0 [3]

Then, ADDING [2] and
—-2B=12 +~ B=-6

Also, sinceA+B=0 «~ A=-B=——-—6=6

So we have A = 6 and B = —6, which we then plug into our solution to find the particular solution...

i=6e % —6e

This particular solution has the form below...
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Micro-Cap 11 Evaluation Version
circuitd cir

160

AN

- \

0 HUU,DU 040 080

I(R1) (A}

T (Secs)

The RHS is not zero here, it is a function o

The general solution (GS) is...

General Soluti entary Function + Particular Integral

Or, in shorthand.

GS = CF + PI

e RHS is zero and therefore we treat this part of the problem as if it
are told above that we must also add the Pl to this to get the overall

The CF is found by ass
were a homogenous ODE.
solution.

To find the Pl we must look at the nature of f(x) on the RHS —is it exponential, sinusoidal, polynomial?

We use a table to find the best PI, as follows...
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fx) = Assume y =
k C
kx Cx+D
kx? Cx?+Dx+E

k sin(x) or k cos(x)

C cos(x) + D sin(x)

k sinh(x) or k cosh(x)

C cosh(x) + D sinh(x)

ekx

Cekx

Whichever form is most suitable from the right-hand column we select that and differentiate twice. These
differentials are then substituted into the original ODE and the letters C and D are evaluated, usually by
equating coefficients. We then have the particular integral, which we add to the plementary function
to find the general solution. Sounds complicated? It is the first time and thenj ore apparent
what is going on.

Let’s develop a 2" order ODE for an RLC circuit connected to an AC so by V ed example.

WEe’'ll then use another worked example to see how we can solve such an ing“the above procedure.

[ Worked Example 7 ]

Consider the RLC combination below, conne

Analyse the circuit an te a mathematical model for it by developing a second order non-
homogeneous differential equation involving current and time.

Let’s produce the ODE...

R'+Ldi+1j'dt—10' t
i It Cl = 10 sin (t)

Differentiating throughout (to get rid of the integral)...

Rdi+Ld2i+i—10 t
dt  “dt2 ¢ cos(t)
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Put the component values in and re-arrange...

i ce L 0 cos(t

acz T Oqr T oqgs ~ L0cos(®)
d2i+6di+8'—10 t
acz " Car Tt cos()

That’s it!

[ Worked Example 8 ]

Find a general solution (complementary function + particular int
given in Worked Example 7.

In Worked Example 7 we found the ODE...

d?i o di
dt? dt

We are trying to find the general solution (GS), whic

Find the Complementary Function:

Factorise this to fi
(m+2)(m+4)=0
my; = -2 and m, = —4
i=Ae %+ Be™

That’s our CF. You will remember that this was already derived in Worked Example 6, but is repeated here
for clarity.

Find the Particular Integral:

We see that we have a cosine term on the RHS, so we consult the table and assume...

i = C cos(t) + D sin(t)
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From this we differentiate twice...

di )

i —C sin(t) + D cos(t)
i = —C cos(t) — D sin(t
i cos sin(t)

We now place these last three terms into the circuit ODE...

d?i di o
pre) + 6E+ 8i = 10 cos(t)
[—C cos(t) — D sin(t)] + 6[—C sin(t) + D cos(t)] + 8[C cos(t) + @ 0 cos(t)

Multiplying out and re-arranging...

[-C + 6D + 8C] cos(t) + [-D — 6C + 8D] sin(t)

Bring the RHS over to the left...
[-C + 6D +8C — 10] cos(t) + [-D

Add like terms...
[7C + 6D — 10] i =0

Now, equating coefficients of cos(t)...

[1]
... and equating coefficients of sig
7D =0 [2]
[1] X 6/7: 6C+2D -2 =0 [3]
[2] + [3]: D + %D % =0 .~ after someworking, D = 60/85
From [2]: 8—(5)) =0 .~ aftersomeworking, C=14/17

Now we bring everything together and finish...

GS = CF + PI

14 60
GS = Ae ' + Be ™% + ﬁcos(t) + gsin(t)

That was hard going, but we solved it. These are laborious problems and much better suited to simulators
(like MicroCap).
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